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Abstract. We study the impact of the large-angle CMB polarization datasets publicly
released by the WMAP and Planck satellites on the estimation of cosmological parameters of
the ΛCDM model. To complement large-angle polarization, we consider the high resolution
(or “high-`”) CMB datasets from either WMAP or Planck as well as CMB lensing as traced
by Planck ’s measured four point correlation function. In the case of WMAP, we compute the
large-angle polarization likelihood starting over from low resolution frequency maps and their
covariance matrices, and perform our own foreground mitigation technique, which includes
as a possible alternative Planck 353 GHz data to trace polarized dust. We find that the
latter choice induces a downward shift in the optical depth τ , roughly of order 2σ, robust
to the choice of the complementary high resolution dataset. When the Planck 353 GHz is
consistently used to minimize polarized dust emission, WMAP and Planck 70 GHz large-angle
polarization data are in remarkable agreement: by combining them we find τ = 0.066+0.012−0.013,
again very stable against the particular choice for high-` data. We find that the amplitude
of primordial fluctuations As, notoriously degenerate with τ , is the parameter second most
affected by the assumptions on polarized dust removal, but the other parameters are also
affected, typically between 0.5 and 1σ. In particular, cleaning dust with Planck ’s 353 GHz
data imposes a 1σ downward shift in the value of the Hubble constant H0, significantly
contributing to the tension reported between CMB based and direct measurements of the
present expansion rate. On the other hand, we find that the appearance of the so-called
low ` anomaly, a well-known tension between the high- and low-resolution CMB anisotropy
amplitude, is not significantly affected by the details of large-angle polarization, or by the
particular high-` dataset employed.
Contents
1 Introduction 1
2 Method and data sets 3
2.1 Description of the low-` data 3
2.2 Description of the high-` data 6
2.3 Method 7
3 Results 8
4 Conclusions 11
1 Introduction
The cosmic microwave background (CMB) anisotropies, tiny temperature fluctuations in the
primordial blackbody radiation averaging at 2.72548 ± 0.00057 K [1], are one of the land-
mark pieces of evidence of the Big Bang theory. The wealth of information encoded in the
CMB has significantly helped cosmology to turn into a precision science, and allowed us to
describe cosmic evolution starting from its very primordial stages. The CMB anisotropies are
linearly polarized [2], the polarization pattern being generated in two distinct cosmological
epochs. The first one is the recombination era (z ' 1100) during which, as the Universe
expands and cools, the diffusion length of photons in an increasingly neutral medium be-
came large enough to reveal the quadrupole moment of the local anisotropy pattern at the
so-called last scattering surface. The Universe then became almost neutral and transparent
to radiation, since Thomson scattering, the main physical process involved, was no longer
efficient in coupling matter and radiation. Much later, during the early phases of galaxy and
star formation, photoionizing radiation able to escape from the bound structures was injected
in the intergalactic medium. As a consequence, the medium became ionized again (hence
the term reionization) providing free electrons to interact through Thomson scattering with
CMB photons once more. We know that at z & 6, the intergalactic medium was already
almost fully ionized, as shown by the change with redshift of the absorption spectra of dis-
tant quasars or gamma ray-burtsts on the blue side of the Lyman-α emission [3–7]. This
process modifies the pre-existing CMB polarization pattern, which is seeded again from the
local anisotropy quadrupole. Owing to the size of the Hubble horizon at reionization, though,
this new contribution is only seen at large angular scales, as a characteristic bump at low
multipoles (` . 10) in the pure polarization CMB spectra, as well as in the temperature to
polarization correlation.
The onset of the reionization epoch mainly determines the Thomson optical depth τ
between the observer and the CMB last scattering surface, one of the six cosmological param-
eters of the standard ΛCDM model [8] (see also Refs. [9–15] for analyses going beyond the
simple τ parametrisation). All primary CMB angular power spectra are affected by reion-
ization in having their amplitude suppressed by a factor e−2τ . Such a suppression, which
equally affects intensity and polarization spectra, arises due to re-scattering of photons by
free electrons and is effective at all scales but the largest ones that were outside the horizon
at reionization; hence the “bump” at low `’s. This loss in anisotropy power at non-zero τ
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is clearly degenerate with the amplitude of primordial scalar fluctuations As which source
CMB anisotropy. On the other hand, only polarization spectra inherit the characteristic low
` increase, or bump, mentioned above, whose amplitude is ∝ τ2. This unique signature is
exploited to disentangle τ and As and better infer the value of both these ΛCDM model
parameters.
The first estimate of τ from CMB measurements was provided by the Wilkinson Mi-
crowave Anisotropy Probe (WMAP). In the nine-year legacy results, the WMAP collabo-
ration reports τ = 0.089 ± 0.014 [16]. Planck [17] has shown [8, 18, 19] that the WMAP
estimate is likely biased high due to residual dust polarization, imperfectly accounted for
by the simple dust model the WMAP team employed, since they lacked of tracers based on
direct observations. Planck ’s 353 GHz channel, on the other hand, is an ideal monitor of
dust polarization. Considering still WMAP large-scale polarization, but using the 353 GHz
channel to mitigate dust, τ shifts down to 0.075 ± 0.013 [18]. The 2015 analysis of Planck
reports τ = 0.067 ± 0.023 using only Planck low-resolution data (from the 70 GHz channel
of its low frequency instrument) and priors on cosmological parameters fixed by small-scale
CMB information [19]. More recently, the Planck collaboration has published a new estimate
of τ = 0.055 ± 0.009 [20] using only low-` polarization EE cross-spectra built from the 100
and 143 GHz channels of the high frequency instrument1, unlike the Planck 2015 low-` results
that also make use of TT and TE information. This new value is fully compatible with the
previous one from Planck and displays a smaller uncertainty. It is also quite stable with
respect to the choice of the likelihood method and of the cross-spectra estimator, providing
consistent results albeit, in some cases, with larger error bars. Remarkably enough, Ref. [20]
also shows how building cross-spectra from the 70 GHz channel of Planck ’s low frequency
instrument and either the 100 or 143 GHz channel, still gives consistent results: for example,
the 70x143 cross spectra give τ = 0.053+0.012−0.016. Implications of the pre-2016 data for cos-
mic reionization have been investigated by the Planck collaboration in Ref. [14], considering
various parameterisations of the reionization history. For the standard assumption of instan-
taneous reionization, it is found, using a different likelihood code, that τ = 0.058±0.012, thus
with a 30% larger uncertainty with respect to the value quoted in Ref. [20] under the same
assumption. Unlike the results previously reported in the 2015 Planck parameters paper [8],
though, the latest Planck τ measurements reported in Refs. [20] and [14] are not accompa-
nied by a public CMB likelihood module, which will be made available as part of the Planck
legacy release, in the near future. We do not consider the pre-2016 results any further in this
paper.
The aim of the present work is to study how the choice of existing low-multipole polar-
ization data impacts cosmological parameter estimates, by looking at different combinations
of the public low- and high-` datasets provided by WMAP92 and Planck3. In particular, we
discuss the impact of using the Planck 353 GHz channel as a dust tracer to also clean the
large-scale WMAP9 polarization.
While it has been known since the Planck 2013 release that the Planck 353 GHz channel
induces a significant (& 1σ) shift in WMAP’s value of the optical depth τ [18] and brings the
1The new products, and the associated analysis pipelines, presented in Ref. [20] are referred to as “pre-
2016”.
2We acknowledge the use of the products available at the Legacy Archive for Microwave Background Data
Analysis, LAMBDA (http://lambda.gsfc.nasa.gov/).
3We acknowledge the use of the products available at the Planck Legacy Archive (http://www.cosmos.
esa.int/web/planck/pla).
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WMAP9 and Planck estimates of this parameter to very good agreement [19], a systematic
study of the impact of the public low ` polarization datasets on cosmological parameters, in
view of the particular choice of high-` data employed (that is, either Planck or WMAP9), was
not available in the literature. This paper aims at filling this gap. We also study the impact
of the dust cleaning procedure on the so-called “low-` anomaly”, i.e. the tension between the
values of the amplitude of primordial perturbations estimated from the low- (` < 30) and
high- (` ≥ 30) ell portions of the TT power spectrum. The low-ell anomaly has been found
to drive the differences in parameter values obtained from distinct subsets of the high-` data
[21, 22]. Even though the significance of these shifts is low, once “look-elsewhere” effects are
taken into account [22], it is nevertheless interesting to assess how much the low-` anomaly
that causes them depends on the choice of low-` polarization data. By comparing parameter
estimates obtained from the low- and high-` datasets, we test the robustness of the anomaly
to the low resolution cleaning procedure for polarized dust, as well as of the particular choice
of the high-` datasets.
In our analysis we focus on the standard ΛCDM model and its parameters, and thus do
not explore, among others, the link between the low-` polarization data and a non-standard
lensing amplitude (caused either by modifications to gravity, or introduced as a proxy param-
eter for systematics); for such an analysis, see e.g. [23].
The paper is organized as follows. In Sec. 2 we describe the datasets employed through-
out the analysis and the corresponding likelihood modules. In Section 3 we present our results,
and in Sec. 4 we draw our conclusions.
2 Method and data sets
2.1 Description of the low-` data
At low multipoles (` < 30), we consider the standard joint temperature-polarization, pixel-
based machinery for the likelihood, as done in the 2015 Planck release [19]. Thus, our low-`
datasets always consist of low resolution (Nside = 16 in Healpix4) maps of temperature and
polarization anisotropies, and of the related noise covariance matrices. Note that the publicly
released WMAP9 likelihood code relies instead on Nside = 8 polarization maps: our choice
of Nside = 16 is primarily motivated by the need to standardise WMAP9 and Planck low
resolution products.
As low-` temperature data, we always employ the Planck Commander CMB map, ob-
tained combining the Planck observations between 30 and 857 GHz [17], the 9-year WMAP
observations between 23 and 94 GHz [25], and the 408 MHz sky maps from Haslam et al. [26],
as described in Refs. [19, 27, 28] (see also Refs. [29, 30] for a description of the Commander
component-separation algorithm), The Commander map covers 94% of the sky and will here-
after be denoted as “Planck lowT”.
For low-` polarization, we consider three different datasets, all based on WMAP9 data;
two of them are augmented by also considering information from Planck low-resolution po-
larization maps.
(1) For the dataset denoted “WMAP353 lowP”, we consider the WMAP9 raw low resolu-
tion frequency maps for the Ka, Q, and V channels and the related noise covariance matrices
that are publicly available. The WMAP team has decided not to include their W band data
for low ` polarization analysis, on the grounds of evidence of systematic contamination [25].
4http://healpix.jpl.nasa.gov/; see also [24].
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Our re-analysis of WMAP’s W channel confirms the presence of excess power of likely spurious
origin, so we consistently disregard these data in what follows.
To minimize the impact of polarized foregrounds, we implement a template fitting pro-
cedure that relies on the following scheme. Each linear polarization map mν =
[
Qν ,Uν
]
,
(Qν ,Uν being the Stokes parameters maps at frequency band ν) is masked by the WMAP9
processing mask [25] and used to find two scaling coefficients αν and βν , assumed constant over
the available sky, that minimise the form χ2S+N = m˜
T
νC
−1
ν m˜ν , with m˜ν = mν −ανts− βνtd,
ts and td being the templates for synchrotron and dust emissions, chosen as the WMAP9 K-
band and the Planck 353 GHz maps respectively. The covariance matrixCν = S+Nν is taken
as the sum of the signal5, S, and noise, Nν , matrices, and the signal matrix is built through
harmonic expansion [31] assuming the WMAP 9-year fiducial model; we have nonetheless
verified that using in its place the Planck 2015 fiducial induces negligible differences in the
estimated scaling coefficients. The WMAP team [25] has used a similar procedure to derive
their scaling coefficients, although neglecting the CMB signal in the Cν matrices. We have
verified that the latter approximation induces only differences that lie well within the error
budget. We nonetheless also report (see table 2.1 below) the χ2N figures we find assuming
Cν ≡ Nν only.
Once αν and βν are found, the foreground-reduced polarization maps mˆν are obtained
as:
mˆν = (mν − ανts − βνtd)/(1− αν − βν) , (2.1)
and the associated noise covariances Nˆν are:
Nˆν =
(
Nν + δα
2
ν Fs + δβ
2
ν Fd
)
/(1− αν − βν)2 , (2.2)
where δα and δβ are the standard errors associated with the estimated scalings, and Fs,d ≡
ts,dt
T
s,d are the covariance contributions for synchrotron and dust emission respectively, built
from the outer products of the corresponding templates. In table 2.1 we list the values
we find for the scaling coefficients assuming the processing mask, and the corresponding
χ2 figures. Fixing the scaling coefficients just found, we also report χ2 values outside of
WMAP’s cosmological P06 mask (see Ref. [32] for a description of WMAP polarization
masks), which leaves about 73% of the sky. The reduced χ2 values we find are consistent with
unity for all bands, in all masks considered. From the estimated scaling coefficients and their
associated standard errors we compute our best fist estimate for the synchrotron spectral index
as −3.152±0.019 and for the dust spectral index as 1.332±0.024 (1σ errors). These estimates
were fitted considering the scaling coefficients derived for Ka, Q and V and their 1σ errors,
while only small regularization errors were associated with both foreground templates (whose
scaling coefficients are fixed to unity). We find that our estimates are robust to the fitting
procedure employed, as well as to our assumptions for errors in the templates. In particular,
adding the calibration errors quoted for the WMAP9 and Planck 353 GHz frequency maps
to standard errors estimated for the scaling coefficients, we find a synchrotron spectral index
of −3.154± 0.022 and a dust spectral index of 1.332± 0.025. Furthermore, we checked that
these results do not change significantly including WMAP W channel. The values we find for
the spectral indexes are in agreement with other measurements, including those reported in
Ref. [19], where the Planck 353 GHz channel was also used as a dust tracer, but otherwise
only the Planck 70 GHz and 30 GHz channels were considered. Remarkably, the synchrotron
5We use thermodynamic temperature units so each channel has the same signal covariance matrix.
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ν α β Npix χ
2
S+N/Npix χ
2
N/Npix χ˜
2
S+N/Npix χ˜2N/Npix
Ka 0.315± 0.003 0.0031± 0.0004 5720 1.026 1.045 1.012 1.029
Q 0.163± 0.003 0.0039± 0.0004 5742 0.9830 1.004 0.9778 0.995
V 0.047± 0.003 0.0076± 0.0004 5894 0.9627 0.977 0.9606 0.974
Table 1. Best-fit scaling coefficients and χ2 values for WMAP9 low ` polarization frequencies.
Scalings are obtained using the processing mask, see text as well as Ref. [25]. The χ2S+N values
reported are computed as described in the text, outside of the processing mask of each channel,
leaving Npix good pixels in the [Q,U ] maps. We also report χ2N values, assuming only the noise
covariance matrix for each channel (more similarly to WMAP team’s analysys). Differences between
these two approaches are weak. The last columns report χ˜2 values, for both S+N and N, computed
using the same method as above, but outside of the P06 mask used for parameter estimation, leaving
Npix = 4510 good pixels. To compute these last χ˜2 values the scaling coefficients derived in the
processing mask have been assumed, estimated separately for S+N and N: the scalings quoted in
the first two columns are for the former case, though the latter produces figures that are well within
errors.
spectral index is also in agreement at 1σ with the WMAP9 result derived by the WMAP team
applying the template fitting method to polarization maps. On the contrary, they found a
steeper dust spectrum, with an index ranging from 1.41 to 1.5. Consequently, we repeated
for comparison our fit but considering only the rescaling coefficients in the WMAP channels
specified above and including calibration uncertainties. For the synchrotron spectral index
we find very similar results (−3.152± 0.022). For the dust spectral index, on the other hand,
we find 1.420 ± 0.091, in agreement with WMAP team results. Clearly, our results for the
dust including the Planck 353 GHz frequency map are driven by highest frequencies. It is
interesting to note that a gray body spectrum with dust grain temperature Tdg = 19.6K and
grain emissivity index βdg = 1.59, as found in Ref. [33] at intermediate and high Galactic
latitudes, predicts an effective spectral index of 1.33 between 93 GHz and 353 GHz and of 1.52
between 33 GHz and 93 GHz, in agreement with the results described above. The spectral
indices derived with our template fitting procedure applied to WMAP and Planck 353 GHz
polarization maps are then in line with those quoted in the recent literature and, in particular,
provide an evidence of the gray body spectrum of Galactic thermal dust emission.
We finally proceed to create our final polarization maps by performing a noise weighted
average of the Ka, Q and V channels:
mKa+Q+V = NKa+Q+V (Nˆ
−1
KamˆKa + Nˆ
−1
Q mˆQ + Nˆ
−1
V mˆV ) , (2.3)
where N−1Ka+Q+V = Nˆ
−1
Ka + Nˆ
−1
Q + Nˆ
−1
V .
(2) As our second dataset, we adopt the WMAP9 low-` data set in polarization, where
we use as a dust tracer the model employed in WMAP9 own analysis [32], in place of the
Planck 353 GHz map. This dataset is similar to the one employed by the WMAP team for
their likelihood analysis, except that our version has resolution of Nside = 16. We nonetheless
use the scalings αν and βν reported in Ref. [25], after having verified that our own estimate
reproduces their results within errors. Since this dust model does not contain any CMB signal,
the foreground-reduced maps and corresponding covariances are obtained as in Eqs. (2.1) and
(2.2) but with a rescaling factor given by 1/(1−αν) or 1/(1−αν)2 respectively. The dataset
based on noise weighted co-addition [again following Eq. (2.3)] of the Ka, Q and V foreground-
reduced maps obtained in this way is referred hereafter as “WMAP9 lowP”.
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(3) For the third dataset considered in this article, denoted “WMAP/Planck lowP”, we
use the same cleaning procedure as the WMAP353 lowP dataset, i.e., we use the Planck HFI
353 GHz map as a dust template, but we add to the WMAP Ka, Q and V maps the publicly
available Planck LFI 70 GHz map [19]. The combination of these maps is performed, similarly
to Eq. (2.3), through a standard noise-weighted average over the union of the useful fraction
of the sky observed by each experiment. Pixels observed by just one experiment are simply
added to the dataset; this formally amounts to a weighted average with infinite noise for the
missing experiment.
The computation of the likelihood associated with these three datasets is performed
following the standard pixel-based approach described in Ref. [31]. In particular, we com-
pute the exact joint likelihood L(m|C`) of the temperature and polarization maps given the
theoretical model (up to `max = 29), using
L(m|C`) = 1
2pi |C|1/2
exp
(
− 1
2
mTC−1m
)
, (2.4)
where m = [T, Q, U] is the TQU map, and C is the corresponding covariance matrix, con-
taining signal and noise contributions, that takes into account the full covariance structure of
the data (including temperature-polarization correlations). The signal part of the covariance
matrix is built using multipoles up to `max = 47; multipoles in the range 30 ≤ ` ≤ 47 are fixed
to a fiducial model. The temperature map - always the Planck Commander map - is masked
with the Planck 2015 temperature mask, that uses 94% of the sky. The polarization maps
described above are masked using WMAP’s P06 mask (for the WMAP9 lowP and WMAP353
lowP datasets), that keeps 73% of the sky, or the intersection of the P06 and Planck ’s R1.50
cosmological mask (for the WMAP/Planck lowPdataset), keeping 74% of the sky [19]. In
the following, since the temperature dataset at low multipoles is always the same, we shall
often omit to mention it when reporting our result, and identify the full low-` dataset only
through the polarization part of the dataset itself. Thus, when reporting results obtained,
for example, from WMAP353 lowP, it should be understood that we are actually referring to
the joint Planck lowT + WMAP353 lowP dataset. While we do not explicitly make use of
the Planck official low-resolution dataset by itself, the analysis reported in Ref. [19] has been
performed with a likelihood machinery similar to the one employed here. Thus, results for
Planck 70 GHz as quoted from the Planck collaboration papers can be directly comparable
to the estimates presented in this work.
2.2 Description of the high-` data
At high multipoles (i.e., ` ≥ 30), we consider the temperature power spectra from WMAP9
and Planck as well as the power spectrum of the lensing potential derived from the Planck
data. The WMAP9 TT power spectrum [25] is based on V-band and W-band cross-power-
spectra, and is computed using Gibbs sampling for 2 ≤ ` ≤ 32, and an optimal unbiased
quadratic estimator in the range 32 < ` ≤ 1200. Similarly, the Planck TT power spectrum in
the range 30 ≤ ` ≤ 2500 is derived from an approach based on pseudo-C` estimators, using
Planck HFI data (in particular, data from the 100 GHz, 143 GHz and 217 GHz channels,
see Ref. [19]). We refer to the two datasets consisting of the WMAP9 (30 ≤ ` ≤ 1200) and
Planck (30 ≤ ` ≤ 2500) TT power spectra as “WMAP9 high TT” and “Planck high TT”,
respectively. The likelihood functions associated with these datasets are computed using the
public routines provided by the respective collaborations.
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Name Description
Planck lowT Planck Commander temperature map (` < 30).
WMAP9 lowP WMAP9 polarization maps dust-cleaned using WMAP team’s model (` < 30).
WMAP353 lowP WMAP9 polarization maps dust-cleaned using the Planck 353 GHz map (` < 30).
Planck lowP Planck polarization maps dust-cleaned using the Planck 353 GHz map (` < 30).
WMAP/Planck lowP Noise-weighted WMAP and Planck polarization maps (353-cleaned, ` < 30).
Planck high TT Planck high-` TT likelihood (30 ≤ ` ≤ 2500).
WMAP9 high TT WMAP9 high-` TT likelihood (30 ≤ ` ≤ 1200).
Planck lensing Planck lensing likelihood (40 ≤ ` ≤ 400)
high-` priors Gaussian priors derived from a joint likelihood using Planck lowT, Planck lowP and Planck high TT:
ωb = 0.022222± 0.00023, ωc = 0.1197± 0.0022, 100θ = 1.04085± 0.00047, ns = 0.9655± 0.0062.
Table 2. Abbreviations for the several datasets (and combinations thereof) employed throughout
this paper.
We also consider the information encoded in the 4-point correlation function of the
temperature anisotropies as measured by Planck, that allows us to reconstruct the lensing
potential along the line of sight between the observer and the last scattering surface. This
dataset and the corresponding publicly released likelihood, which we shall denote with “Planck
lensing”, are described in detail in Ref. [34].
A complete list of the datasets used in our analysis, together with a short description of
each, can be found in table 2.
2.3 Method
We use CosmoMC [35], interfaced with the Boltzmann code camb [36], as a Monte Carlo en-
gine to derive constraints on the cosmological parameters of the standard ΛCDM model,
namely: the baryon and cold dark matter densities ωb ≡ Ωbh2 and ωc ≡ Ωch2, the angle
θ subtended by the sound horizon at recombination, the reionization optical depth τ , the
logarithmic amplitude of the primordial scalar perturbations ln
(
1010As
)
and their spectral
index ns. We marginalize over a number of nuisance parameters describing residual astro-
physical foregrounds and various instrumental uncertainties (e.g. calibration uncertainties);
see Planck Collaboration 2015 XI [19] and Bennett et al. [25].
We derive parameter estimates from various combinations of the Planck and WMAP9
datasets, by interfacing the relevant likelihood functions to CosmoMC. We start by consider-
ing the three low-` polarization datasets described above (WMAP9 lowP, WMAP353 lowP,
WMAP/Planck lowP), always complemented by Planck lowT, with Gaussian priors on ωb,
ωc, θ and ns, that are only poorly (or not at all) constrained by large-scale observations. The
Gaussian priors on these “high-`” parameters are based on the estimates from analysis of the
Planck lowT, Planck lowP, Planck high TT data presented in Planck 2015 results XIII [8],
and are reported in our table 2. Then we combine each of the low-` datasets with either
the WMAP9 high TT or the Planck high TT datasets, for a total of six baseline low+high-`
datasets. Each of these is considered either by itself or in combination with the Planck lensing
likelihood. Moreover, in order to better assess the weight of each kind of CMB dataset (low-`,
high-`, lensing) in constraining the parameters of interest, we also study the two combina-
tions WMAP9 high TT+ Planck lensing and Planck high TT+ Planck lensing i.e., without
including any low-` information. In addition to the results from parameter runs performed
for the present analysis, we shall also, for comparison, refer to constraints that were derived
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Figure 1. 68% (solid) and 95% (dashed) confidence intervals for the base ΛCDM parameters from
various dataset combinations. The color corresponds to the low-` dataset, as indicated in the legend.
From left to right, the groups of whiskers correspond to the following high-` dataset combinations: i)
high-` priors, ii) WMAP9 high TT, iii) WMAP9 high TT + Planck lensing, iv) Planck high TT, v)
Planck high TT + Planck lensing.
by the Planck collaboration and reported in the Planck 2015 likelihood [19] and parameters
[8] papers.
3 Results
In the whiskers plots in Figs. 1 and 2 we show the estimates of the six base ΛCDM and of
selected derived parameters, obtained from the dataset combinations described above. There
are several interesting trends in this plot that deserve to be highlighted; let us start by
discussing the optical depth parameter τ . It is clear from the relevant panel of figure 1 that
the WMAP9 large-scale polarization data, when cleaned using the WMAP dust model (black
whiskers), yield a systematically higher value of τ (at the ∼ 2σ level) with respect to the same
data cleaned with the Planck 353 GHz map as a dust template (red whiskers). For example,
from the low-` data combined with Gaussian priors on the “high-`” parameters we get6
τ = 0.090+0.013−0.014, WMAP9 lowP + high-` priors, (3.1a)
τ = 0.061± 0.014, WMAP353 lowP + high-` priors, (3.1b)
6We recall that here and in the following, it should always be understood that the “lowP” datasets are
complemented by the Planck lowT data.
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Figure 2. The same as figure 1, for derived parameters of interest.
that is, the inclusion of the Planck 353 GHz polarized dust template immediately induces a
downward 2σ shift in τ . This value from WMAP353 lowP is in very good agreement with
the value derived using only the Planck 70 GHz for the low-` polarization, reported in Planck
Collaboration 2015 XI [19]:
τ = 0.067± 0.023, Planck lowP + high-` priors . (3.1c)
In fact, as also reported in Ref. [19], the half-difference map between the Planck 70GHz and
WMAP polarization maps, when both are cleaned with the Planck 353GHz polarized dust
template, is consistent with a noise-only, null-signal map. Given their consistency, the Planck
and WMAP low-ell polarization datasets can be combined by taking their noise-weighted sum,
to form a joint set with higher signal-to-noise, as discussed in the previous section. From this
joint dataset we get
τ = 0.066+0.012−0.013, WMAP/Planck lowP + high-` priors (3.1d)
i.e., a value that is very consistent with both (3.1b) and (3.1c). The uncertainty in the
determination of τ is always roughly the same for all datasets using WMAP at low-`’s,
implying that the use of the Planck 353 GHz template does not introduce a significant amount
of additional noise, and that the signal-to-noise ratio is dominated by the WMAP9 data7.
It is also interesting to note how, for a given low-` dataset, the τ estimate is remarkably
stable with respect to the addition of high-` and/or lensing data. For example, adding the
Planck high TT data we get:
τ = 0.091+0.011−0.013, WMAP9 lowP + Planck high TT, (3.2a)
τ = 0.066± 0.013, WMAP353 lowP + Planck high TT. (3.2b)
τ = 0.068+0.011−0.013, WMAP/Planck lowP + Planck high TT, (3.2c)
i.e, sub-sigma shift with respect to the corresponding low-`-only values, see Eqs. (3.1a), (3.1b),
(3.1d). This also happens when using WMAP9 high TT and/or adding Planck lensing but
7This is consistent with the reduced sky fraction employed for the Planck LFI 70 GHz channel in the 2015
release as opposed to WMAP (47% vs. 73%) and the fact that Planck uses only one channel as apposed to
WMAP’s three.
– 9 –
not when using Planck lowP which, in combination with Planck high TT data gives [8]:
τ = 0.078± 0.019 Planck lowP + Planck high TT . (3.2d)
This value is significantly larger than both the low-ell-only estimates (3.1c) and (3.1d), and
than the estimates (3.2b) and (3.2c) obtained including high-ell’s. This shift can be ascribed to
the weaker constraining power of the Planck 70GHz-based low-` polarization dataset, giving
a larger statistical weight to the high `’s relative to the low `’s. In fact, when the larger
uncertainty is taken into account, the relative shift between (3.2d) and (3.1c) is found to be
quite small (∼ 0.4σ). When the lensing information is added, τ shifts back to lower values
[8]:
τ = 0.066± 0.016 Planck lowP + Planck high TT
+ Planck lensing . (3.3)
Finally, completely disregarding the low-` information (including temperature) and using only
the high-` and lensing data from Planck yields:
τ = 0.066+0.025−0.026 Planck high TT + Planck lensing, (3.4)
in excellent agreement with the results obtained with WMAP353 lowP, and still in tension
with the WMAP9 lowP result, although with a lower significance (∼ 1σ) due to the larger
uncertainty.
We now focus our attention on the amplitude of primordial scalar perturbations, log(1010As)
and on the combinationAse−2τ that effectively governs the overall amplitude of CMB anisotropies
at scales below the size of the horizon at reionization, corresponding to a multipole `reio ∼ 10.
Looking first at the effect of the Planck 353 GHz-based cleaning, it can be noticed that it gives
a systematically lower value for log(1010As) than the WMAP dust template. For example,
from the low-` data together with the Planck high TT + Planck lensing dataset:
log(1010As) = 3.095
+0.020
−0.022 , WMAP9 lowP +
+ Planck high TT + Planck lensing ; (3.5a)
log(1010As) = 3.055
+0.023
−0.022 , WMAP353 lowP +
+ Planck high TT + Planck lensing ; (3.5b)
log(1010As) = 3.060± 0.020 , WMAP/Planck lowP +
+ Planck high TT + Planck lensing . (3.5c)
For comparison log(1010As) = 3.062±0.029 from the analysis in Planck 2015 results XIII [8],
using Planck lowP + Planck high TT + Planck lensing.
This dependence of log(1010As) estimates from the cleaning procedure should not come
as a surprise, as it is simply an effect of the degeneracy between As and τ : given a determi-
nation of Ase−2τ from observations at ` > `reio, a larger value of τ , such as the one preferred
by the original WMAP9 polarization data, requires in turn a larger As to keep Ase−2τ con-
stant. This is particularly evident when high-` data are included, as this leads to a more
precise determination of Ase−2τ . This reasoning is supported by the fact that derived values
of As ≡ 109Ase−2τ are instead quite consistent with respect to the choice of the cleaning
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procedure:
As = 1.866± 0.012 , WMAP9 lowP +
+ Planck high TT + Planck lensing ; (3.6a)
As = 1.876± 0.012 , WMAP353 lowP +
+ Planck high TT + Planck lensing ; (3.6b)
As = 1.874± 0.012 , WMAP/Planck lowP +
+ Planck high TT + Planck lensing . (3.6c)
Focusing instead on the impact of the high-` dataset on measurements of the scalar
amplitude, we find that low-` data alone prefer lower values of the amplitude than the high-`
data. This is a well-known reflection of the so-called “low-` anomaly” [8, 22, 37, 38]. We
note that this low- vs. high-` tension is not alleviated by the use of the Planck 353 GHz for
cleaning (pointing to the fact that it is not related to the degeneracy with τ), nor does it
depend on the particular high-` data considered. In addition to this tension, there are also
small but noticeable differences among the As values inferred using different high-` datasets.
In general, the high-` TT data from WMAP9 lead to lower estimates of the amplitude than
the corresponding Planck data, while estimates from Planck lensing seem to sit somehow
in the middle, as its inclusion brings the results from the two TT datasets closer to each
other. Fixing for definiteness the low-`’s in polarization to be those from the noise-weighted
WMAP/Planck maps, we get:
As = 1.702+0.085−0.099 ; WMAP/Planck lowP, (3.7a)
As = 1.834± 0.031 ; + WMAP9 high TT, (3.7b)
As = 1.858± 0.017; + WMAP9 high TT
+ Planck lensing, (3.7c)
As = 1.883± 0.014; + Planck high TT, (3.7d)
As = 1.874+0.011−0.012; + Planck high TT + Planck lensing, (3.7e)
while using the Planck high-` and lensing data alone we get
As = 1.875+0.015−0.016; Planck high TT+ Planck lensing. (3.7f)
Comparing this last value with (3.7a), we can quantify the tension between high- and low-`’s
determinations of the amplitude to be at the 2σ level.
We summarize our findings on As and τ in Figures 3 and 4. In particular, in figure 3 we
show the impact of the choice of the low-` dataset on the determination of these parameters,
while in figure 4 we focus on the effect of the high-` dataset.
4 Conclusions
In this paper we have studied the impact of low-` and high-` CMB data on the estimation of
cosmological parameters. At first, we have focused on the choice of the large-scale polarisation
data, finding that cleaning the WMAP polarization data with the Planck 353 GHz dust
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Figure 3. Impact of the choice of the low-` dataset on estimates of τ and 109Ase−2τ . Light (dark)
shaded contours show 68% (95%) credible intervals in the (τ, 109Ase−2τ ) plane. Green contours are
obtained using the Planck high-` TT and lensing data only, i.e., without using information from
` < 30. The black, red and blue regions show the effect of adding the low-` datasets indicated in the
legend (as emphasized in the text, the low-` temperature data always comes from Planck).
template yields a significantly lower value of τ with respect to the same data cleaned using
the WMAP9 dust model; this also affects estimates of the scalar amplitude As through its
degeneracy with τ . Concerning Galactic synchrotron and thermal dust polarized emissions,
we find spectral indexes in agreement with previous works and robust evidence of the gray
body shape of the dust emission spectrum. Combining the WMAP and Planck 70 GHz
polarization data, and cleaning with the Planck dust template, we find τ = 0.066+0.012−0.013; this
value is very stable against the inclusion of high-` data (including Planck lensing) and is in
remarkable agreement with the Planck low-` only estimate τ = 0.067±0.023, as well as being
consistent with the more recent value τ = 0.055±0.009 obtained by the Planck collaboration
using the large-scale polarisation data from the high-frequency instrument [20]. We also find
a remarkable consistency with the estimate τ = 0.066+0.025−0.026 obtained disregarding the low-`
information and using Planck high TT and Planck lensing data, that independently measure
Ase
−2τ and As, and thus allow an indirect determination of the optical depth.8 Finally, we
note that even if τ and log(1010As) are the parameters which are more influenced by the
cleaning of the polarization maps, other base parameters are also affected, albeit to a lesser
extent. This is especially evident when the Planck high TT and Planck lensing are used jointly
with the low-` polarization data: while τ and log(1010As) shift by roughly 1.2σ between the
Planck 353 GHz and WMAP dust model cleanings, the estimates of the other base parameter
shift by an amount between ∼ 0.4σ (for θ) and 0.8σ (for Ωch2). More detailed information
can be found in table 3, where we report the parameter estimates obtained by combining
8See Ref. [39] for a theoretical model predicting a value of τ in agreement with those discussed in this
paper.
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Figure 4. Left panel: Impact of the choice of the high-` dataset on estimates of τ and 109Ase−2τ . We
show 68% (95%) credible regions in the (τ, 109Ase−2τ ) plane. The low-` dataset is always provided by
the Planck Commander map in temperature and by the combined W353/LFI70 maps in polarization.
Grey contours are obtained from this dataset in combination with gaussian priors on the “high-`”
parameters. The green and red curves combine the low-` data with WMAP9 or Planck high-` TT
data, respectively; the unfilled curves also use Planck lensing. Finally, the empty blue contours are
obtained from Planck high-` TT and lensing data, without information coming from ` < 30. Right
panel : The same as the left panel, but zoomed to make the effect of the high-` datasets on the
determination of 109Ase−2τ more evident.
different low-` polarization datasets (including the case where none at all is employed) with
Planck high TT and Planck lensing, as well as the corresponding parameter shifts with
respect to the WMAP9 lowP + Planck high TT + Planck lensing case. The value of the
Hubble constant that is obtained from the WMAP9 lowP + Planck high TT +Planck lensing
combination is also ∼ 1σ lower than the corresponding value from datasets cleaned with the
Planck dust templates. In general, we find that values of the Hubble constant obtained using
polarization datasets cleaned with the Planck 353 GHz channel are systematically higher
than the corresponding value obtained with WMAP9 lowP, as can be seen by looking at the
relevant panel of figure 2 and comparing the black whiskers on one side and the red and green
whiskers on the other. This contributes to increase the tension with local measurements of
H0 [40]. We finally remark that for all parameters, the estimates from the WMAP9 lowP
+ Planck high TT +Planck lensing dataset combination are in slight tension with those
obtained from Planck high TT + Planck lensing.
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Table 3. Parameter estimates from Planck high TT+ Planck lensing either in combination with the low-` datasets considered in our analysis
(second to fourth column) or alone (fifth column). In the former cases, use of Planck lowT is understood. The last three columns report the shifts
(in units of σ) in the parameters with respect to WMAP9 lowP + Planck high TT + Planck lensing.
Low-` dataset
(all are + Planck high TT+ Planck lensing)
Parameter [1] WMAP9 lowP [2] WMAP353 lowP [3] WMAP/Planck lowP [4] no low-` data [2]−[1]√
σ2
[2]
+σ2
[1]
[3]−[1]√
σ2
[3]
+σ2
[1]
[4]−[1]√
σ2
[4]
+σ2
[1]
Ωbh
2 0.02238± 0.00022 0.02222± 0.00021 0.02224± 0.00021 0.02223+0.00026−0.00027 −0.53 −0.45 −0.43
Ωch
2 0.1169± 0.0017 0.1190± 0.0017 0.1187± 0.0017 0.1189± 0.0027 +0.87 +0.77 +0.65
100θ 1.04127± 0.00043 1.04096± 0.00044 1.04101± 0.00043 1.04101+0.00052−0.00053 −0.50 −0.43 −0.39
τ 0.084+0.011−0.012 0.062± 0.012 0.065+0.010−0.012 0.066+0.025−0.026 −1.3 −1.2 −0.64
log[1010As] 3.095
+0.020
−0.022 3.055± 0.023 3.060± 0.020 3.064± 0.045 −1.3 −1.2 −0.61
ns 0.9723± 0.0052 0.9665± 0.0053 0.9673± 0.0051 0.9657± 0.0078 −0.78 −0.68 −0.71
109As exp[−2τ ] 1.866± 0.012 1.876± 0.012 1.874± 0.011 1.875+0.015−0.016 +0.62 +0.54 +0.50
H0 [km/s/Mpc] 68.59± 0.77 67.61± 0.80 67.74± 0.76 67.7+1.2−1.3 −0.89 −0.79 −0.64
Ωm 0.2975± 0.0098 0.310± 0.011 0.309± 0.010 0.310± 0.017 +0.89 +0.79 +0.66
–
14
–
As for the role of the high-` dataset, we confirm the existence of the so-called “low-
` anomaly”, i.e., the fact that the value of the amplitude parameter As estimated by the
low-` data is lower, at the ∼ 2σ level, than the one measured from the high-` data. This
anomaly is not affected by the cleaning procedure used on the large-scale polarization. The
low-ell anomaly has been found to drive the shifts in parameter values obtained from different
multipole ranges [21, 22], so our findings imply that these shifts are not affected by the choice
of low-ell polarization data. On the other hand, values of the amplitudeAs are fairly consistent
between the WMAP and Planck high-` TT datasets, as well as with Planck lensing.
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